We present a separable expansion approximation method for Coulomblike potentials which is based on Schwinger variational principle and uses Coulomb-Sturmian functions as basis states. The new scheme provides faster convergence with respect to our formerly used non-variational approach.
Both variational approaches and separable expansion schemes are extensively used in solving few-body problems. Some time ago Adhikari and Tomio presented an unified treatment of separable expansion schemes based on Schwinger variational principles [1] . They proposed various approximation schemes for the transition operator t satisfying the LippmannSchwinger equation
where v is the potential and g 0 is the free Green's operator. It was found that using these schemes with appropriate choice of expansion functions a rapid convergence could be obtained. However, in this paper, not a single word was devoted to Coulomb-like potentials.
At about the same time in a series of papers [2] a separable expansion scheme for Coulomb-like potentials was proposed by one of us. The Coulomb interaction was kept in the Green's operator and only the short range part of the potential was subject to the separable expansion. This approach uses Coulomb-Sturmian (CS) functions as basis allowing an exact analytical calculation of the matrix elements of the Coulomb Green's operator (see [2] , and recently [3] ). Thereby only the short-range part of the interaction is approximated and the correct Coulomb asymptotic properties of all quantities are guaranteed. The method has also been applied in three-body Faddeev calculations for bound-state and scattering problems with Coulomb interactions [4] .
In this paper we generalize one of the separable expansion schemes proposed by Adhikari and Tomio for two-body Coulomb-scattering problems.
The expansion schemes in Ref. [1] are based on a finite rank N approximation of the product of operators
where
Here the sets |η i and |ζ j are assumed to be complete sets of states in the Hilbert space. If N tends to infinity Eq. (2) becomes an identity. From among the separable approximation schemes of Ref. [1] let us start with the form of t following from Eq. (1)
Applying Eq. (2) we get
The first term in Eq. (6) can again be approximated as before
This approximation scheme can easily be generalized for Coulomb-like potentials. A Coulomb-like potential in some partial wave l can be written in the form
where v C is the pure Coulomb potential and v s l is short ranged. The Lippmann-Schwinger equation for the Coulomb-modified transition operator t sC reads
is the Coulomb Green's operator and h 0 l is the free Hamiltonian. The solution of this equation can be given in a form analogous to Eq. (4)
and the whole procedure of Eqs. (5)- (7) can be repeated. Only the free Green's operator has to be replaced by the Coulomb one.
As basis states we choose CS functions because they allow an exact analytical calculation of matrix elements of g C l (E). In coordinate representation they have the form
where n = 0, 1, 2, ..., L 2l+1 n are the Laguerre polynomials and b is a scaling parameter. They have an analogous simple form also in momentum representation
where G denotes the Gegenbauer polynomials. Introducing the notation r| n; b = r|n; b /r we can express the orthogonality and completeness of the CS functions as 
respectively. As |η i and |ζ j we take CS bases with different b parameters:
While the matrix elements of the potential and the overlap of CS functions should be calculated numerically either in configuration or momentum space the matrix elements of the Coulomb Green's operator can be calculated analytically [2, 3] . This scheme is essentially equivalent with a twofold separable expansion for potential v
It is easy to verify that Eqs. (16)- (18) are the solutions of the Lippmann-Schwinger equation Eq. (10), with this approximate potential. This scheme should be compared with the CS potential separable expansion scheme of Refs. [2, 3] which is not supported by variational principle. It is based on the approximation of the unit operator
with σ factors possessing the properties lim n→∞ σ N n = 0 and lim N →∞ σ N n = 1. Now, the approximation takes the form
For σ N n the form
was used with α ∼ 5. This value of the arbitrary parameter α yielded the fastest convergence.
To show the relative power of these separable expansion schemes we have calculated the Coulomb-modified nuclear phase shifts δ sC l at l = 0 and at various energies for a p − p scattering. The short range potential was taken in Malfliet-Tjon form
with v 0 = −626.885MeV, β 0 = 1.55fm, v 1 = 1438.720MeV, β 1 = 3.11fm. In the method of Eq. (21) CS basis parameter b = 3fm −1 was used, while in the expansion Eq. (19) b 1 = 3.8fm −1 and b 2 = 2.5fm −1 were taken. It can be seen in Table I that in both approximation schemes it is possible to choose the b parameters so that the expansions give almost equally fast convergence over the whole spectrum and provide extremely accurate results. To reach 6-digits accuracy the method of Eq. (19) needs 10-13 basis states, while the method of Eq. (21) needs 20-23 states. We have observed similar results over a wide range of b parameters. It should be noted, however, that the method of Eq. (19) is more complicated numerically, so the numerical effectivity of both methods are more or less the same.
In this Brief Report we have combined two separable expansion methods. One based on Schwinger variational principle has been proposed by Adhikari and Tomio in Ref. [1] . The other approach proposed by Papp in Refs. [2] is not variational and it was designed for Coulomb-like potentials. This new scheme is a variational separable expansion method and is applicable for Coulomb-like potentials. It converges considerably faster in terms of basis states then the non-variational method of Eq. (21). This property could be useful in threebody calculations where the rank of the expansion is of crucial importance. 
